Abstract As an alternative formulation of quantum mechanics, path integral is based on the notion of transition amplitude which gives the wave function of a quantum system at a time t f by acting on the wave function at an earlier time ti. We show that for a general quadratic form for the Lagrangian of the system, transition amplitude has the form f (t f − ti)e ī h S class. , where S class. is the classical action. We then present an algebraic method to evaluate the function f (t f − ti) without refereing to the path integral calculations. We examine the presented method to the cases of free particle and harmonic oscillator and obtain their propagators.
Introduction
The formulation of quantum mechanics is based on the commutation relations between the conjugate variables (q, p), as [q, p] = ih. In Heisenberg picture the coordinate (or any other) operator at time t is given by q(t) = e i/hHt q 0 e −i/hHt , where H is the Hamiltonian operator and q 0 is the coordinate operator at time t = 0. Now, if one denotes the eigenstates of the operator q 0 with |q > corresponds to the eigenvalue q , then eigenstates of q(t ) with eigenvalue q will be |q , t >= e ī h Ht |q >. According to the basic principles of quantum mechanics a quantum system can be completely described by the transition amplitude (propagator) < q , t |q , t >=< q |e − ī h H(t −t ) |q >. One of the most powerful methods to evaluate this amplitude is the Feynman path integral through which the above propagator can be expressed in terms of the classical Lagrangian of the system without any references to the operators and Hilbert space [1] . The main idea in relation between the quantum propagators and the classical characters of a system returned to the Dirac's work [2] , according to which the amplitude should be proportional to e ī h S class. . This statement had been justified later by the Feynman's path integral formulation of quantum mechanics.
In this letter after a brief review on the subject, we introduce the amplitude formula for the free particle and harmonic oscillator and show that they have the form f (T )e ī h S[q cl ] , where T is the time interval between the initial and final states. Then, in section 3, we will introduce a wide class of Lagrangians for which the propagator can be written of this form. At the end of this section we present a path integral formula to evaluate the function f (T ). In section 4, a systematic algebraic method is introduced to obtain the function f (T ) without reference to the path integral calculations. Section 5 is devoted to the summary and conclusions.
Path Integral and Propagators: a Brief Review
It is well-known that the wave function in Schrödinger equation at an arbitrary time t can be obtained from the action of the time evolution operator G(t, t 0 ) on the wave function at some initial time t 0
For a time-independent Hamiltonian we have
where θ(t − t 0 ) is the Heaviside step function. It is clear that this operator is nothing but the Green function for the time-dependent Schrödinger equation, that is
Having the function G, one can evaluate its matrix elements in a given basis. Therefore, in coordinate basis X|x >= x|x >, we have < x|G(t, t 0 )|x 0 >= G(t, x; t 0 , x 0 ). If we have the function G(t, x; t 0 , x 0 ), then the time evolution of the Schrödinger wave function can be written as 
Therefore, we see that the matrix elements of the time evolution operator is indeed the time ordered transition amplitude between the coordinates basis states in the Heisenberg pictures. In path integral picture to evaluate the transition amplitude, one usually divides the time interval between the initial and final time into N equal segments of infinitesimal length as = (t f − t i )/N and in the end takes the continuum limit → 0 and N → ∞. In this set-up we can write
in which we have used dx|x, t >< x, t| = 1. Also, all of the intermediates kets are in Heisenberg picture and we have assumed an inherent time ordering from left to right. A straightforward calculation can show that for the systems with Hamiltonian H = p 2 /2m + V (x) the above formula takes the form [3]
A glance at the expression under the exponential function shows that in the continuum limit it tends to the expression
, which in turn is nothing other than the action S[x] of the system. Thus, we are led to the following well-known expression for the path integral
where A is a constant independent of the dynamics of the system. It is seen that the path integral is a functional integral, namely, the integrand which is the phase factor is a functional of the trajectory between the initial and the final points. Although, in general the evaluation of such an integral may be a difficult task, its evaluation for the simple systems can be found in any text books of quantum mechanics. For example, in the case of a one dimensional free particle whose action is
2 , the result is
Noting that for a free particle we haveẋ = v = x f −xi t f −ti , one immediately concludes that in terms of the classical trajectory for which we haveẋ cl = v, the action takes the form
Therefore, the expression (9) will be simplified as
where T = t f − t i . Another system for which the path integral (8) can be analytically evaluated is the one dimensional harmonic oscillator with action
In this case calculations yield to
which reduces to the transition amplitude for the free particle in the limit ω → 0. We see from above two examples that in both cases the transition amplitude has the form
where f (T ) is a function of T = t f − t i . In the next section we are going to present a wide class of dynamical systems whose transition amplitudes have the form of the relation (13) and then will give a systematic method to find the function f (T ).
The Model
In this section we consider a dynamical system with action
in which the Lagrangian function has the form [4]
Variation the above action with respect to q shows that the classical trajectory satisfies the following equation
To evaluate the propagator
, let us use the change of variable
in which η(t) is a variation around the classical path q cl and vanishes at the end points: η(t i ) = η(t f ) = 0. Under this change of path, the propagator takes the form
where
It is easy to show that the above integral can be rewritten in the form
Now, let us focus on the last term of (20). By integration by parts and noting that η(t i ) = η(t f ) = 0, this term takes the form
which vanishes due to the equation (16). Therefore, with the help of (20), the expression for the propagator (18) takes the form
in which
Thus, for any dynamical system whose Lagrangian can be written in the form of the relation (15), the quantum propagator is in the form of (23). In the next section we are going to evaluate the function f by an algebraic method without a direct use of the path integral formula (24).
A Method for Evaluation f (t i , t f )
As we have seen in the previous section, for a wide class of Lagrangian systems the propagator has the form of relation (23). Therefore, the function f (t i , t f ) plays an important role since all information of the path integral propagator is now encoded in it. Our goal in this section is to present a systematic method to evaluate this function without dealing with the path integral formula (24). As usual let us consider the free particle case. According to a well-known property of the propagators we have
For a free particle this relation takes the form
in which we have used the relation (10). If we examine this relation in the case where q f = q i = 0, we get f (t + s) = dq c f (t)f (s) exp im h
where t = t f − t c and s = t c − t i . The above integral can be evaluated with the help of the integration formula e iλx 2 dx = iπ/λ, leading to
in which we have defined f (t) = √ tf (t). It is clear that the functions of the form f (t) = m iπh e αt satisfy this equation. Therefore, we find the following form for the function f (t)
